The importance of outfall and mixing problems calls for a simple, while accurate methodology for the simulation. Therefore, in this paper, a central upwind scheme for variable density shallow water system of equations is proposed over a triangular discretization of the domain. In this scheme, the well-balanced property is maintained so that the large oscillations and noises are avoided from the solution. The usability of this solution in the mixing and outfall problems is shown over a numerical example, also the accuracy and efficiency of the methodology is tested by comparing to another complex scheme in a practical largescale example. The comparison shows a significant advantage of the proposed methodology over other solutions, which is the very high efficiency while maintaining the accuracy of the results.
INTRODUCTION
Domestic and industrial wastes from outfall structures often have a different density than the ambient water body, due to various flow and mixing characteristics of the discharge. Also, many environmental free surface shallow water flows transport debris and suspended sediment especially in steep gradient, which can affect flood modeling.
The shallow water flows have been widely studied in the past few decades. Abbott (1979) and Weiyan (1992) discussed numerical aspect of shallow water type equations and gave a systematic account of the principles of computational hydraulics and their application to free surface flows. These researches did not consider the cases with abrupt change in underwater topography, and the possibility of mixing of flows with different densities. Sleight et al (1998) refined the method to be capable of handling complex flow domains with focusing only on conservative form of the shallow water equations. There are also a few researches that highlight the essence of well-balanced (Bryson et al. 2010 , Chartock et al. 2015 and positivity preserving (Bryson et al. 2010; Kurganov and Petrova, 2007; Perthame and Simeoni, 2001; Bollermann et al. 2011) properties of the solution.
In this paper, a well-balanced and positivity-preserving solution for the variable density shallow water equations is presented. In this regard, the analytical solution is presented over a triangular discretization of the domain, using a higher order temporal and spatial numerical scheme which is discussed in details in the following.
In the current study, two-dimensional (2D) Saint-Venant system of shallow water equations which has been converted to well-balanced form, presented in Equation (1) is mainly used.
where, of ≔ ℎ + , ≔ ℎ, ≔ ℎ, ≔ ℎ, in which h is the height of water over the bed elevation B, and are instantaneous depth-averaged velocities in x and y for the 2D flow, is the average density of the fluid column, g is the acceleration of gravity, 0 is the reference freshwater density. Also the indices of x, y and t are also representations of the first derivatives of the parameters with respect to x and y coordinates and time respectively.
in here, we use the central-upwind schemes on general triangular grids for solving two-dimensional conservation laws (Kurganov and Petrova, 2005) . In the present study, triangular domain of : 
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where, ( ) and ( ) are the corresponding values at of the piecewise linear reconstruction of U at time t. Also, ̅ is the cell-averaged of the solution. The directional local speeds in and (Bryson et al. 2011) .
In this paper, a strong stability preserving (SSP) Runge-Kutta (RK) time discretization method is used (Shu, 1988) . Also, to reduce the oscillations resulting from the phase errors, third-order spatial discretization with slope limiting function is used in this study.
WELL-BALANCED PROPERTIES OF SOULTION
In order to have well-balance property in the solution, the source term must balance the numerical fluxes exactly, so that the right hand side of Equation 2 reaches zero, in "lake at rest" situations. Therefore, the source term should satisfy the two conditions presented in Equation 3, 4.
where, ̅ = (0, ̅ (2) , ̅ (3) ), and
We consider Ǥ ⃗ ⃗ = [ ( , )( ( , ) − ( , )), 0 ]. By applying the Green's formula (∫ div Ǥ ⃗ ⃗ = ∫ Ǥ ⃗ ⃗ . ⃗ ) for ̅ (2) it is obtained that:
where, ( ) is the k-th side of the triangle . After applying the midpoint rule, and considering the definition ( , ): = ( , )ℎ( , ), therefore ( , ): = ( , )ℎ( , ) + ( , )ℎ ( , ), the following equation can be derived.
Likewise,
Finally, the discretization of the source term is expressed as shown in Equation 9.
NUMERICAL EXAMPLES
A numerical test is designed to use the proposed scheme in modeling of mixing problems. In this example, the flow contains of two tributaries with different densities, travelling over a floodplain with two elliptic humps. This case also shows the advantage of the well-balanced scheme against a non-well-balanced scheme. The initial values used for this test case are as the following. The gravitational acceleration is = 9.81 2 / , the density of the ambient current and effluent are 1000 and 1100 kg/m 3 respectively, the water surface for effluent is 2 m, also the time step is dt = 0.001 s.
The results of the simulation in terms of water surface is presented at various times in Figure 9 . The results are compared for well-balanced and non-well-balanced solutions. This benchmark reinforces the conclusion of the previous test case, as it shows a significant boost in the accuracy of the results in well-balanced scheme in a practical example of flow mixing. 
CASE STUDY: MODELLING OF RAS-LAFFAN DESALINATION PLANT DISCHARGE
The solution proposed here is used in a practical example to highlight benefits of the methodology. Ras Laffan industrial plant (RLIC) has a surface outfall located at 25° 53.480' North (latitude) and 51° 34.483' East (longitude), discharging into Persian Gulf at the rate of approximately 222 m3/s (Figure 4 ). In this study, using the information available (Pilechi, 2016) , the initial jet discharge is considered 222 m3/s, also ambient velocity of 0.5 m/s, discharge channel width of 500 m, and g=9.81 m/s2 are used as well. Also, the density of the effluent and ambient are taken as 1035 and 1037 kg/m3 respectively. The computational domain and triangular grids has been shown in the Figure 5 , and the time step is 0.001 (s). The simulations are carried out using the proposed scheme, and is compared to the available results from a multilevel coupled hydrodynamic-wave approach done by Pilechi (2016) . Those results are in terms of thermal distribution in the domain, therefore in order to be able to compare the results, we convert the density distribution obtained our simulation to the temperature distribution using the methodology given in Millero and Poisson (1981) . In this regard, temperature can be calculated for each cell. In Figure 6 , the velocity profile and the results for the temperature are compared with to Pilechi (2016) .
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Figure 6. Temperature distribution from (a) reference study, and (b) proposed methodology
As it can be observed from the comparison shown above, the proposed methodology leads to very close results to the reference study, while the numerical cost of the model proposed here is not comparable to the numerical method used in the compared research. This shows a significant achievement in terms of obtaining a very good accuracy, while being efficient.
CONCLUSION
In this report, a well-balanced central upwind solution scheme to the variable density shallow water equations is presented. In this scheme, the proposed methodology is used in a triangular grid. In numerical test, the scheme was applied to a practical variable density mixing problem as one of the major applications of the shallow-water methodologies. Also, the methodology proposed here was applied to a practical case, in which has been researched experimentally in the field, and also numerically using complex 3D methodologies. After the simulation, results were compared to those obtained from the other methodologies in previous researches. This comparison showed a very close match, that proves the high accuracy of the methodology. Also, it is concluded that the currently proposed scheme is much more efficient in terms of cost and time of the simulation, which makes the solution highly efficient.
